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MASCOT - A NEM CONCEPT I N  GUIDANCE 

SUMMARY 

The r e c e n t  development of improved i n t e g r a t i o n  rou t ines ,  improved 
t r a j e c t o r y  computation a lgor i thms,  and f a s t e r ,  l i g h t e r ,  more f l e x i b l e  
f l ight-worthy d i g i t a l  computers has opened up new p o s s i b i l i t i e s  f o r  
improved guidance concepts and e f f e c t i v e  a p p l i c a t i o n  of optimal guidance 
schemes t o  meet t h e  chal lenges of t h e  post-Apollo space veh ic l e s .  

This r e p o r t  documents one such guidance concept which p e r m i t s  
p r a c t i c a l  r e a l i z a t i o n  of many he re to fo re  u n r e a l i z a b l e  optimal guidance 
t a sks ,  namely, on-board opt imiza t ion  of a scen t  t r a j e c t o r i e s  through the  
atmosphere, s e l f - t a r g e t i n g ,  optimal rendezvous, optimal coast-burn- 
coas t-burn o r b i t a l  t r a n s f e r ,  and r e e n t r y  f o r  h igh  l i f t - t o - d r a g - r a t i o  
type of veh ic l e s .  

This c o l l e c t i o n  of techniques combined i n t o  one guidance program 
has been cal led MASCOT (Manned S h u t t l e  Comprehensive Optimization and 
Target ing ) . 

I. INTRODUCTION 

The advent  of a new genera t ion  of space veh ic l e s  ( s p e c i f i c a l l y  
NASA's post-Apollo space s h u t t l e )  w i th  advanced f ea tu res  such as com- 
p l e t e l y  reusable  s t ages  , s o p h i s t i c a t e d  on-board d i g i t a l  computers, and 
a i rp l ane - type  landing c h a r a c t e r i s t i c s  f o r  both boos te r  and o r b i t e r  has 
requi red  a re -eva lua t ion  of the  space veh ic l e  guidance concepts used 
i n  t h e  p a s t .  When re-examined, t hese  t r a d i t i o n a l  guidance concepts 
have been found t o  be inadequate f o r  the  new gene ra t ion  of space 
veh ic l e s .  I n  response t o  t h i s  need, new concepts ,  procedures,  and 
techniques have r e c e n t l y  been developed which provide a s i g n i f i c a n t  
improvement i n  optimal guidance app l i ca t ions .  I n  p a r t i c u l a r ,  t h i s  new 
approach y i e l d s  a phys ica l ly  r e a l i z a b l e  optimal guidance scheme which 
y i e l d s  nea r ly  optimal performance f o r  t h e  boost  phase, t h e  rendezvous 
phase,  and t h e  r e e n t r y  phase of t h e  post-Apollo s h u t t l e  v e h i c l e  f l i g h t  
path.  This  new system and concept has been g iven  t h e  name MASCOT. 



The MASCOT concept is made poss ib l e  by the  development of new 
mathematical techniques and t h e  s i g n i f i c a n t  improvement of o thers .  It 
a l s o  takes  advantage of t he  improved speed, memory capac i ty ,  s i z e ,  and 
r e l i a b i l i t y  of t he  new f l igh t -wor thy  d i g i t a l  computers. 

I n  t h i s  paper,  t he  evolu t ion  and mathematical theory of t h e  MASCOT 
guidance technique are explained. I n  add i t ion ,  some computer-simulated 
t r a j e c t o r i e s  obtained by means of t h e  MASCOT program a r e  presented t o  
demonstrate t he  accuracy, f l e x i b i l i t y ,  and op t ima l i ty  of t h e  MASCOT 
system. Some comparisons w i l l  be  made, whenever pract ical ,  w i th  
r e s u l t s  obtained from t h e  present  Saturn I t e r a t i v e  Guidance Mode (IGM). 

11. SOME BACKGROUND ON GUIDANCE, NAVIGATION, AND CONTROL 

The ope ra t ion  of a guidance system involves t h r e e  i n t e r r e l a t e d  
d iv i s ions  of e f f o r t ,  naviga t ion ,  guidance s i g n a l  genera t ion ,  and con- 
t r o l .  Navigation is  concerned wi th  the  determinat ion of the  c u r r e n t  
pos i t i on  and v e l o c i t y  of t h e  vehic le .  Navigation is normally an open- 
loop process f o r  s h o r t  f l i g h t s  bu t  must be made closed-loop by naviga- 
t i o n  update i n  some ins t ances ,  i .e. ,  long f l i g h t  times. 

With an accu ra t e  knowledge of a l l  phys ica l  parameters of v e h i c l e  
and environment and c u r r e n t  p o s i t i o n  and v e l o c i t y  and a n  accu ra t e  know- 
ledge of t he  des i red  terminal  condi t ions ,  i t  is  poss ib l e  t o  determine 
the  proper d i r e c t i o n s  of the  engines t h r u s t  t o  ob ta in  the  des i red  end 
condi t ions.  This c losed-loop process of t h r u s t - d i r e c t i o n  determinat ion 
is  r e f e r r e d  t o  as guidance s i g n a l  generat ion.  

The con t ro l  system implements the  guidance s i g n a l s  i n  a d d i t i o n  t o  
employing such maneuvers t h a t  may be required t o  preserve  the  s t r u c t u r a l  
i n t e g r i t y  of t he  veh ic l e .  Thus, t he  con t ro l  system may temporar i ly  
ignore or  minimize the  inf luence  of t he  guidance s i g n a l  i n  order  t o  
p r o t e c t  t h e  veh ic l e  from winds, wind g u s t s ,  wind s h e a r s ,  v i b r a t i o n a l  
d i s turbances ,  or  f u e l  s lo sh ing  problems. Control ,  too ,  is  a closed-  
loop process.  

111. THE GENERAL CONCEPT OF GUIDANCE 

Implementation of the  guidance s i g n a l  w i l l  determine the  v e h i c l e  
f l i g h t  pa th  t o  reach a des i r ed  d e s t i n a t i o n  o r  s e t  of terminal  condi- 
t i o n s .  P e r f e c t  ope ra t ion  of t he  naviga t ion  system, exac t  genera t ion  of 
t he  guidance s i g n a l ,  and exac t  implementation of the  c o n t r o l  sys  tem, 
toge ther  w i t h  a n  exac t  knowledge of t h e  v e h i c l e  phys ica l  parameters and 

2 



a n  exac t  knowledge of t he  phys ica l  environment during t h e  e n t i r e  f l i g h t  
t o  the  des i r ed  end condi t ions ,  would make i t  poss ib l e  t o  s o l v e  f o r  the  
guidance s i g n a l  only once. This s i g n a l  would, of course ,  be a func t ion  
of t i m e  o r  some o the r  convenient v a r i a b l e  so t h a t  t h e  guidance s i g n a l  
would change cont inuously during t h e  f l i g h t .  

I n  p r a c t i c e ,  p e r f e c t  opera t ion  of t h e  t h r e e  systems cannot be 
achieved. Thus, a practical  guidanc? system may make the  computations 
a t  t h e  i n i t i a t i o n  of guidance, and p r e d i c t  t he  requi red  guidance s i g n a l  
o r  func t ion  t o  guide  t o  t h e  requi red  end condi t ion .  Since t h e  i n i t i a l  
information w i l l  have some inaccurac ies ,  t h e  process  m u s t  be  repeated 
p e r i o d i c a l l y  during the  f l i g h t ,  t r e a t i n g  each i n s t a n t  a t  which t h e  new 
computations occur as a new s e t  of i n i t i a l  condi t ions .  

I V .  OPTIMAL GUIDANCE 

Optimal guidance, a subclass  of t h e  broad class of guidance con- 
cepts,  is cha rac t e r i zed  usua l ly  by t h e  d e l i b e r a t e  maximization o r  mini- 
mizat ion of some aspect of veh ic l e  performance, f o r  example, maximum 
payload t o  a g iven  o r b i t  o r  equ iva len t ly  minimum f u e l  requi red  f o r  a 
g iven  payload. 

To accomplish optimal guidance of a veh ic l e ,  a mathematical model 
of t he  v e h i c l e  motions must f i r s t  be chosen. Appearing i n  these equa- 
t i o n s  of motion a r e  the  so-ca l led  c o n t r o l  va r i ab le s .  These v a r i a b l e s  
a r e  t h e  equat ion parameters which can be given an  a r b i t r a r y  (within 
prescr ibed  l i m i t s  t h a t  depend on the problem) va lue  a t  any i n s t a n t  along 
t h e  veh ic l e ' s  f l i g h t  path.  This l a r g e  amount of freedom of s e l e c t i o n  
f o r  t he  c o n t r o l  v a r i a b l e s  a l lows a t i m e  h i s t o r y  f o r  the  c o n t r o l  v a r i a b l e s  
t o  be  chosen which achieves a des i r ed  d e s t i n a t i o n  and a l s o  optimizes 
some s p e c i f i e d  a s p e c t  of t he  v e h i c l e  performance, For a t y p i c a l  rocket-  
powered veh ic l e ,  t h e  c o n t r o l  v a r i a b l e  is usua l ly  t h e  t h r u s t  d i r e c t i o n ,  
and a t i m e  h i s t o r y  of t h i s  t h r u s t  d i r e c t i o n  is determined (as descr ibed 
previous ly)  t o  maximize t h e  payload de l ive red  t o  a p a r t i c u l a r  des t ina t ion .  

A. Mathematical Techniques of Optimal Guidance 

The d i f f e r e n t  mathematical  techniques used t o  s e l e c t  t h e  optimum 
con t ro l  v a r i a b l e  are  usua l ly  grouped i n t o  a body o f  knowIedge known as 
opt imiza t ion  theory or ca lcu lus-of -var ia t ions  theory.  

When some type of op t imiza t ion  theory is appl ied  t o  t h e  d i f f e r e n -  
t i a l  equat ions s imula t ing  t h e  motion of a rocket-powered veh.icle, a two- 
p o i n t  boundary va lue  problem is produced. This means t h a t  no t  a l l  of 
t h e  i n i t i a l  cond i t ions  f o r  t he  d i f f e r e n t i a l  equat ions involved are known 
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a t  the  i n i t i a l  time. The unknown i n i t i a l  condi t ions  must be determined 
s o  t h a t  they cause the  r e s u l t s  of the  i n t e g r a t i o n  of t h e  d i f f e r e n t i a l  
equations t o  s a t i s f y  some pre-spec i f ied  condi t ions  a t  the  f i n a l  t i m e  
o r  d e s t i n a t i o n .  To accomplish t h i s ,  i n  p r a c t i c e ,  one usua l ly  a t tempts  
t o  d iscover ,  empir ica l ly ,  some mathematical r e l a t i o n s  which connect 
t h e  i n i t i a l  condi t ions  wi th  t h e  f i n a l  condi t ions.  Then, t he  d e s i r e d  
condi t ions  a t  the  d e s t i n a t i o n  a r e  placed i n  these  r e l a t i o n s ,  and t h e  
r e s u l t i n g  equations are  solved,  hopefu l ly ,  t o  y i e ld  va.lues f o r  t h e  
missing i n i t i a l  condi t ions .  These i n i t i a l  condi t ions  and the  r e l a t i o n s  
connect ing t h e  i n i t i a l  condi t ions  wi th  t h e  f i n a l  condi t ions  y i e l d  t h e  
t ime h i s t o r y  of t h e  c o n t r o l  v a r i a b l e s  t h a t  opt imize the  chosen c r i t e r i o n  
of t he  v e h i c l e ' s  performance. I n  practice, t h e r e  may be a d d i t i o n a l  
r e l a t i o n s  o r  c o n s t r a i n t s  t o  be s a t i s f i e d  by a p a r t i c u l a r  veh ic l e ' s  
t r a j e c t o r y  which produce a mul t i -poin t  boundary va lue  problem ins tead  
of t he  s imple two-point boundary value problem descr ibed above. These 
a spec t s  of op t imiza t ion  theory a r e  examined i n  more d e t a i l  i n  t he  sec-  
t i o n  on mathematical development. 

B. The Philosophy of O p t i m a l  Guidance: O l d  and New 

I n  the  p a s t ,  computer technology and mathematical techniques were 
inadequate t o  a l low the  cons ide ra t ion  of a r e a l i s t i c  computational 
a lgor i thm f o r  t r a j e c t o r y  opt imiza t ion  as a p r a c t i c a l  on-board guidance 
s i g n a l  genera tor .  Thus, o lde r  techniques f o r  on-board guidance s i g n a l  
genera t ion  relaxed the  r e a l i t y  of the  mathematical s imula t ion  of t he  
v e h i c l e ' s  motion o r  degraded the  opt-imality of t he  s o l u t i o n  path i n  
order  t o  s o l v e  t h e  r e s u l t a n t  boundary value problem r a p i d l y  enough t o  
c o n t r o l  a p a r t i c u l a r  v e h i c l e ' s  f l i g h t .  The new MASCOT concept (which 
is a r e a l i s t i c  computational a lgor i thm f o r  t r a j e c t o r y  opt imiza t ion)  can 
be considered as a guidance s i g n a l  genera tor  f o r  a l l  phases of a 
v e h i c l e ' s  f l i g h t  (boost  phase, rendezvous phase, and r e e n t r y  phase). 
This advance is poss ib l e  a t  t h e  p re sen t  t i m e  because of improvements 
i n  computer technology and mathematical techniques f o r  t h e  s o l u t i o n  of 
optimal t r a j e c t o r y  problems. 

Before going d i r e c t l y  i n t o  the  explanat ion and r e s u l t s  a s soc ia t ed  
wi th  MASCOT, w e  b r i e f l y  o u t l i n e  the  h i s t o r i c a l  developments which led  
t o  the  p re sen t  form of t h e  MASCOT guidance technique. For readers  no t  
f a m i l i a r  w i th  some of the ideas  and terminology contained i n  t h i s  
h i s t o r i c a l  development, an  ex tens ive  l i s t  of re ferences  i s  included a t  
t h e  end of t h e  r epor t .  
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V. HISTORICAL BACKGROUND 

A. Del ta  Minimum Guidance 

Beginning wi th  the  V-2 rocke ts  i n  the  mid-1940's and cont inuing  
through t h e  Redstone, J u p i t e r ,  and Pershing missi les ,  t he  " d e l t a -  
minimum" guidance concept w a s  used s u c c e s s f u l l y  t o  guide rocke t  f l i g h t s .  
The delta-minimum concept requi red  t h a t  both nominal and per turbed tra- 
j ee t o r i e s  fol low e s s e n t i a l l y  t h e  same geometr ical  t r a j e c t o r y  regard less 
of o the r  cons idera t ions .  On-board f l i g h t  computations were s i m p l e ,  
and analog computation w a s  used f o r  t h e  execut ion of the delta-minimum 
concept. 

B. I terat ive Guidance Mode 

I n  1960, r e sea rch  work was  begun t o  develop new guidance concepts 
f o r  t he  Sa turn  space veh ic l e s  [ 1 , 2 , 3 ] .  This work w a s  motivated by the  
development of new mathematical techniques f o r  maximization of payload 
through opt imiza t ion  methods and by the  development of d i g i t a l  computers 
t o  replace analog computers as on-board hardware. It was  a l s o  obvious 
t h a t  space  t r a j e c t o r i e s  would r e q u i r e  g r e a t e r  f l e x i b i l i t y  t o  cope wi th  
sudden changes,  such as engine ou t ,  and t h a t  more opt ions must be per- 
mi t ted  i n  t h e  s e l e c t i o n  of f l i g h t  p r o f i l e s .  The guidance l a w  which 
r e s u l t e d  from t h e  r e sea rch  work begun i n  1960 and which has been flown 
on Sa turn  veh ic l e s  w a s  g iven  t h e  name IGM, I t e r a t i v e  Guidance Mode. 

IGM is e s s e n t i a l l y  an  approximate formulat ion of the  ca lcu lus-of -  
v a r i a t i o n s  problem t h a t  allows a n a l y t i c  cons t ruc t ion  of major par t s  of 
t h e  s o l u t i o n ,  so t h a t  only a simple i terat ive numerical process is 
requi red  f o r  s o l u t i o n ,  This approach avoids t h e  time-consuming numeri- 
cal  i n t e g r a t i o n  procedures t h a t  have been requi red  t o  compute a genera l  
s o l u t i o n  t o  the  fundamental ca l cu lus -o f -va r i a t ions  problems. The speed 
needed f o r  r ea l - t ime  a p p l i c a t i o n  has been the  primary motivat ion f o r  
t h e  d e r i v a t i o n  of s emi -exp l i c i t  methods of t h i s  type. 

However, as a r e s u l t  of t h e  approximations,  t h e  accuracy and f l e x i -  
b i l i t y  of such f l i g h t  schemes a r e  l imi t ed ,  p r imar i ly  i n  t h a t  they are 
nea r ly  optimal only f o r  s h o r t  arcs of powered f l i g h t s  and f o r , s p e c i a l i z e d  
mission (boundary va lue)  condi t ions  i n  a r e s t r i c t e d  coord ina te  system. 
This l i m i t a t i o n  can  be relaxed somewhat i n  pract ice  by use of s p e c i a l  
purpose adjustments , bu t  only a t  t h e  expense of a d d i t i o n a l  p r e f l i g h t  
a n a l y s i s  and simulation..  

The b a s i c  s i m p l i f i c a t i o n s  made  i n  the  I terat ive Guidance Mode t o  
o b t a i n  a n a l y t i c  cons t ruc t ion  of major p a r t s  of t h e  s o l u t i o n  were (1) t o  
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assume a uniform g r a v i t a t i o n a l  f i e l d  r a t h e r  than an  inve r se  square l a w  
and (2) t o  apply t h e  same t r a n s v e r s a l i t y  cond i t ion  a t  engine c u t o f f  
r ega rd le s s  of t h e  mission flown. There were, i n c i d e n t a l l y ,  some small- 
ang le  approximations and ingenious s p e c i a l  purpose adjustments made t o  
improve t h e  op t ima l i ty  of t h e  scheme and t o  reduce t h e  computational 
e f f o r t  requi red  f o r  on-board mechanization. However, t h e  b a s i c  concept 
of t he  s i m p l i f i c a t i o n s  is  b e s t  seen  i n  view of t h e  assumption concern- 
ing t h e  g r a v i t a t i o n a l  f i e l d  and the  assumption of t he  adequacy of a 
s ing 1 e t r a n s  versa1  i t y  cond i t  ion  

C. QUOTA 

Next came the  Quasi * t i m a 1  T r a j e c t o r y  Analysis ,  QUOTA [ 4 ] ,  which 
belongs i n  the  same ca tegory  wi th  IGM s i n c e  it too  is an approximation 
t o  the  ca lcu lus-of -var ia t ions  (COV) s o l u t i o n .  

The fundamental approximation i n  QUOTA may be  v iewed i n  a t  leas t  
The f i r s t  way may be s a i d  t o  be a n  approximation two d i f f e r e n t  ways. 

t o  t he  COV i n  the  sense  t h a t  the  Euler-Lagrange equat ions a r e  replaced 
by a s l i g h t l y  d i f f e r e n t  s e t  of equat ions,  t h e  purpose of which is t o  
a l low a n a l y t i c  i n t e g r a t i o n  of bo th  t h e  "state" and "co-state" equat ions.  
Of course,  t he  "co-state" v a r i a b l e s  must be i n t e r p r e t e d  i n  a genera l ized  
sense  because they a re  not  obtained from the  Euler-Lagrange equat ions.  

A second manner of viewing the  approximations t o  achieve t h e  so lu-  
t i o n s  w i l l  be  mentioned. From many observat ions of t h e  behavior of t he  
Lagrange m u l t i p l i e r s  (A's) i n  t h e  ca l cu lus  of v a r i a t i o n s ,  i t  has been 
noted t h a t  f o r  rocke t  f l i g h t s  i n  a wide v a r i e t y  of missions,  t h e s e  A's 
a r e  very nea r ly  l i n e a r  func t ions  of time. The QUOTA equat ions may be 
der ived by assuming l i n e a r  A's and by expanding the  g r a v i t y  t e r m  i n  
s er i e s  . 

The advantage of t h i s  approach is a very r a p i d  computational 
scheme which is much m o r e  f l e x i b l e  than IGM and a l s o  leads  t o  a smal le r  
l o s s  of op t imal i ty .  Even t h i s  s m a l l  loss of opti.ma€ity may be regained 
by making the  assumption t h a t  t he  A's are  l i n e a r  only f o r  a po r t ion  of 
t he  f l i g h t ;  thus ,  t he  A versus t i m e  curve is represented  by a s e r i e s  
of connecting s t r a i g h t  l i n e s  where the  s lopes  of t he  linear A segments 
a r e  determined from t h e  Euler-Lagrange equat ions.  For an  Apollo-type 
mission,  t h e  A's may be  assumed t o  be l i n e a r  f o r  t h e  e n t i r e  f l i g h t  wi th  
only a n e g l i g i b l e  l o s s  i n  payload. 

With e i t h e r  of t he  viewpoints mentioned above, t he  t r u e  g r a v i t a -  
t i o n a l  f i e l d  may be a c c u r a t e l y  represented  and t r a n s v e r s a l i t y  condi t ions  
may be f i t t e d  t o  t h e  p a r t i c u l a r  end condi t ions .  Needless t o  say ,  t h e  
op t ima l i ty  of t h e  s o l u t i o n  must be checked because of t h e  s u b s t i t u t i o n  
of approximate equations f o r  t h e  Euler-Lagrange equat ions.  
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Computationally, QUOTA of fered  much more f l e x i b i l i t y  than IGM, 
requi red  l e s s  p r e f l i g h t  a n a l y s i s  and only s l i g h t l y  increased the  
amount of on-board computation requi red .  Because IGM w a s  e n t i r e l y  
adequate  f o r  a l l  Saturn f l i g h t s ,  t h e r e  has been no need t o  change 
from IGM t o  QUOTA and, t he re fo re ,  QUOTA has never been t e s t e d  on any 
a c t u a l  f l i g h t s .  It is  s t i l l  a v a i l a b l e  f o r  any mission which r equ i r e s  
f l e x i b i l i t y  beyond IGM c a p a b i l i t y  and f o r  which t h e  same computational 
equipment must be used. 

D. OPGUID AND SWITCH 

Before 1965, genera l  ( f l e x i b l e )  numerical procedures f o r  computing 
precise optimal t r a j e c t o r i e s  were too  u n r e l i a b l e  i n  convergence and 
c o s t l y  i n  computational requirements t o  be considered f o r  rea l - t ime 
guidance. However, an  i n d i r e c t  method f o r  computing optimal t r a j e c -  
t o r i e s  [5 ,6]  w a s  developed i n  1965 incorpora t ing  improved techniques 
t o  ob ta in  a s u b s t a n t i a l  g a i n  i n  speed, convergence, and f l e x i b i l i t y .  
A simple s c a l i n g  r u l e  f o r  the  amount of the  Newton c o r r e c t i o n  t h a t  w a s  
permit ted per i t e r a t i o n  r e s u l t e d  i n  an  extremely l a r g e  reg ion  of con- 
vergence t h a t  w a s  s u r p r i s i n g l y  i n s e n s i t i v e  t o  accu ra t e  i n i t i a l i z a t i o n  
of t h e  boundary va lue  problem. 

The i n d i r e c t  approach is p a r t i c u l a r l y  w e l l  s u i t e d  f o r  r ea l - t ime  
use,  where the  cont inua l  adjustment of the  guidance scheme t o  accommo- 
d a t e  pe r tu rba t ions  i n  i n i t i a l  condi t ions  i s  r e a d i l y  accomplished by a 
s i n g l e  Newton i t e r a t i o n  on the  boundary va lue  problem. 
f e a s i b i l i t y  of t h i s  approach as a rea l - t ime guidance scheme f o r  optimiz- 
ing s ingle-burn-arc  o r b i t a l  i n j e c t i o n  missions w a s  demonstrated 171 and 
named OPGUID ( E t i m a l  GUIDance) . 

I n  1966, t he  

However, many o r b i t  t r a n s f e r  problems r e q u i r e  the  use of s e v e r a l  
burn a r c s  separa ted  by r e l a t i v e l y  long optimal c o a s t  a r c s .  A m u l t i -  
burn-arc  vers ion  of OPGUID, developed i n  1967 [ 8 ] ,  -demonstrated t h a t  
t he  a t t r a c t i v e  fundamental approach of OPGUID could s u c c e s s f u l l y  con- 
verge a genera l  formulat ion of t h i s  problem, wi th  v a r i a b l e  boundary 
condi t ions .  A soph i s t i ca t ed  vers ion  of t he  multi-burn program (SWITCH) 
has been developed [9]  t h a t  has success fu l ly  converged a v a r i e t y  of 
o r b i t a l  t r a n s f e r  problems wi th  a n  e f f i c i e n c y  and r e l i a b i l i t y  comparable 
t o  t h a t  of t h e  o r i g i n a l  OPGUID. 

As a r e s u l t ,  t h e  i n d i r e c t  method of SWITCH is not  only f e a s i b l e  but  
cons iderab  l y  supe r io r  t o  ex i s  t ing imp 1 ementa t ions of quas il inea r  i z a  t ion 
i n  convergence a# w e l l  as e f f i c i ency .  A pr inc ipa l  f e a t u r e  of SWITCH is  
the  use of classical  two-body theory t o  render  t h e  computations f o r  
c o a s t  arcs e x p l i c i t .  Since high-thrus  t mult i -burn o r b i t  t r a n s f e r s  
u sua l ly  involve c o a s t  arcs many times longer i n  du ra t ion  than burn a r c s ,  
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t he  e x p l i c i t  method r e s u l t s  i n  a s u b s t a n t i a l  savings i n  computation 
per i t e r a t i o n .  A universa l  v a r i a b l e  formulat ion of t he  two-body 
problem wi th  closed-form expressions f o r  t he  s t a t e  t r a n s i t i o n  matr ix  
is used. This formulat ion w a s  adapted from the  work i n  re ferences  
8, 10, 11 and 12  i n  a novel way t o  avoid the  cumbersome computation 
of t he  three-dimensional tensor  of second par t ia l  d e r i v a t i v e s  of f i n a l  
s t a t e  w i th  r e s p e c t  t o  i n i t i a l  s t a t e  t h a t  i s  required when computing 
the  par t ia l  d e r i v a t i v e  of f i n a l  c o - s t a t e  wi th  r e s p e c t  t o  i n i t i a l  s t a t e .  

Since a l l  t h e  pa r t i a l  d e r i v a t i v e s  a r e  a v a i l a b l e  a t  each i t e r a t i o n ,  
as w a s  t h e  case  f o r  t he  o r i g i n a l  OPGUID, t he  SWITCH algori thm is appro- 
p r i a t e  f o r  computing rea l - t ime co r rec t ions  t o  i n - f l i g h t  per turba t ions .  

Unlike t h e  OPGUID algori thm, the  SWITCH algori thm does r e q u i r e  
reasonable  i n i t i a l i z a t i o n .  That is, i t  is not p o s s i b l e  wi th  SWITCH 
as i t  w a s  w i th  OPGUID to misa l ign  t h e  t h r u s t  d i r e c t i o n  by 90 or  180 
degrees and r e t a i n  convergence. However, rough es t imates  of impulsive 
so lu t ions  have proved more than adequate as i n i t i a l i z a t i o n  i n  every 
t r i a l  case.  

E. MASCOT 

With the  advent of t he  space s h u t t l e  wi th  i t s  high aerodynamic 
l i f t i n g  c h a r a c t e r i s t i c s  both on a scen t  and descent ,  i t  has become 
imperat ive t h a t  op t imiza t ion  programs be devised t o  take  advantage 
of t hese  atmospheric l i f t i n g  c a p a b i l i t i e s .  

This has been accomplished e s s e n t i a l l y  by in t raducing  i n t o  t h e  
SWITCH program t h e  aerodynamic e f f e c t s  of both l i f t  and drag [ l 3 ] .  
Addi t iona l ly ,  t he  e f f e c t  on t h r u s t  of pressure  v a r i a t i o n  wi th  a l t i t u d e  
has been included i n  the  propuls ion computations. 

These changes have r e c e n t l y  been c a r r i e d  ou t ,  and some of t h e  
observed r e s u l t s  may be summarized as follows: 

1. Maximum payload and maximum sens i t i tT i ty  t o  convergence occur 
when atmospheric e f f e c t s  a r e  introduced i n t o  both t h e  s t a t e  and c o - s t a t e  
equations . 

2. Approximately two-thirds of t he  payload increases  obtained 
under (1) may be kept  by introducing t h e  atmospheric e f f e c t s  i n t o  the  
s t a t e  equat ions only.  I n  t h i s  case ,  convergence is f a r  e a s i e r .  

3, Extremely d i f f i c u l t  convergence cases  may be approached 
g radua l ly  by mul t ip ly ing  the  atmospheric model by 0 S K 5 1 where K 
starts a t  zero  and g radua l ly  increases  t o  1. For each value of K, t he  
case  i s  converged be fo re  increas ing  the  value of K. 
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When the  Atmospheric e f f e c t s ,  toge ther  w i th  changes t o  be 
descr ibed l a t e r ,  were added t o  the  SWITCH concept,  t he  name MASCOT 
was chosen f o r  t he  o v e r a l l  scheme t o  handle mul t ip l e  burn-coast-burn 
optimal t r a j e c t o r i e s  both i n  and out  of t h e  atmosphere. 

VI. MATHEMATICAL DEVELOPMENT FOR MASCOT 

The f i r s t  s t e p  i n  the  development of a n  optimal guidance tech- 
nique f o r  a rocket-powered veh ic l e  is the  mathematical modeling of 
t he  v e h i c l e ' s  t r a j e c t o r y .  To do t h i s ,  a second-order three-dimen- 
s i o n a l  vec tor  of ord inary  d i f f e r e n t i a l  equat ions is used which 
c o n s i s t s  of t he  sums of t he  vec tor  acce le ra t ions  produced by a l l  t h e  
forces  t o  be considered a c t i n g  on the  vehic le .  
t h i s  sum of vec tor  acce le ra t ions  must c o n s i s t  of terms produced by 
forces  a c t i n g  during the  boost phase, t h e  exs-atmospheric rendezvous 
phase, and the  r een t ry  phase, During the  computation of a po r t ion  
of a t r a j e c t o r y  f o r  a p a r t i c u l a r  phase, a l l  of t h e  terms i n  t h e  sum 
of a l l  of t he  phases do not  have t o  be considered,  and the  unneeded 
terms can be e a s i l y  ignored wi th  t h e  log ic  of t he  computer program. 

For t h e  MASCOT scheme, 

I n  an  a r b i t r a r i l y  or ien ted  ear th-centered Car tes ian  coord ina te  
system, the  d i f f e r e n t i a l  equat ions t o  be used f o r  s imula t ing  t h e  
motion of a po in t  mass s u b j e c t  t o  g r a v i t a t i o n a l ,  aerodynamic, and 
th rus t ing  forces  can be w r i t t e n  as follows: 

+ g ( x ) .  L- ij .. 
2 = (P/m)C + y - R3 

I n  the  above vec tor  d i f f e r e n t i a l  equation, t h e  f i r s t  term on t h e  
r i g h t  is the  th rus t ing  term where F is the  instantaneous magnitude of 
t he  t h r u s t ,  m is t h e  instantaneous mass, and ii is a u n i t  vec tor  which 
is  considered t o  be a con t ro l  v a r i a b l e  f o r  t he  d i r e c t i o n  of t he  t h r u s t .  
I n  t h e  second term, e is the  vec tor  of aerodynamic forces  due t o  l i f t ,  
and 5 is a vec tor  of aerodynamic fo rces  due to  drag. 
t i o n  and c o n t r o l  of t he  th rus t ing  f o r c e  and the  aerodynamic fo rces  
w i l l  be explained below. The t h i r d  term i n  equat ion (1) is the  grav i -  
t a t i o n a €  f o r c e  t e r m  f o r  a s p h e r i c a l  c e n t r a l  body, where GM is t h e  
g r a v i t a t i o n a l  cons t an t  and R i s  t h e  magnitude of t he  p o s i t i o n  vec tor  
of the po in t  mass under considerat ion.  The f o u r t h  term which is con- 
s idered  t o  be a func t ion  of t h e  p o s i t i o n  vec tor  is a symbolic repre-  
s e n t a t i o n  of c o r r e c t i o n s  t o  the  g r a v i t a t i o n a l  f o r c e  expression which 
a r e  needed when a non-spherical  shape f o r  t he  c e n t r a l  body is con- 
s idered .  For s i m p l i c i t y  i n  t h e  r e s t  of this development, t h e  f o u r t h  

The determina- 

9 



term on the right-hand s i d e  of equation (I)  w i l l  be ignored, and no 
fur ther  explanation of the derivation of the th i rd  term w i l l  be given 
s ince  the representation is the  standard expression for the  gravita- 
t ional  force due  to  a spherical  central body. 

To begin an explanation of the f irst  term (the term due to  thrus t )  
i n  equation (l), the thrus t  force F w i l l  be assmed t o  be constant f o r  
exo-atmospheric f l i g h t  and have the  following form f o r  a b s p h e r t c  
f l igh t :  

F =  F + A  (P - P), 
S e o  

whrr e 

F is the vehicle's th rus t  measured to  sea level (P = Po) 
S 

Ae is the exit area of the eIlgine 

Po, P are the  atmospheric pressures a t  sea level and a t  
any a l t i t ude ,  respectively. 

In e i the r  case, the  mass flow rate 61 is asscrrmQd to be a constant and 
determined by t he  r e l a t ion  

where the var iable  Isp indicates the eff ic iency of a p a r t i c u l a r  set of 
engines and 

is a constant giving the accelerat ion due to gravi ty  at the assltlned I$, 
(radius of the spherical  cen t r a l  body). 
the Zsp is assumed to be constant and thus 61 as given by equation (3) 
is constant, In  th i s  case, the mass a t  any time t referenced to  time 
to is biven by 

For exo-atmospheric f l i g h t ,  

m ( t )  = m(to' - i ( t  - to). 
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I n  atmospheric f l i g h t  & is sti l l  assumed t o  be constant, and thus as 
the force increases as  given i n  equation (2), the Isp used i n  equa- 
t ion  (3) to give & m u s t  a l s o  increase. Then m at any time is s t i l l  
given by equation (4 ) .  

Optirnization theory could be a p p l i e d  d i r e c t l y  to the equations 
of motion (equat€on (1)) i n  its p resen t  form to determine the cor rec t  
time his tory of s, but the resu l t ing  computer program would be much 
too canplicated t o  consider fo r  guidance purposes. For t h i s  reason, 
sane simplifying assmptions w i l l  now be made that result i n  a more 
compact and e f f i c i e n t  canputer  program f o r  the  appl icat ion of opti-  
m i z a  t i on  theory . 

The or iginal  equations of motion (equation (1)) are cornpletely 
accurate representations of t h e  e n t i r e  t ra jec tory  of the  s h u t t l e  
vehicle‘s f l i g h t ,  
accurate representation is obtained by leaving out the term 

For the  rendezvouli portion of the f l i g h t ,  an  

and f o r  the reentry phase, an accurate representation is obtained by 
leaving out the term (P/m)t, 

Before applying optimization theory t o  equation (l), the expres- 
and 5 which w i l l  be used i n  both ascent and reentry phases s ion  fo r  

w i l l  be simplified. Additionally, ear th  oblateness e f f ec t s  w i l l  be 
neglected throughout the e n t i r e  f l i g h t ,  a t  least i n  the  optimization 
procedures . 

Furthermore, the ro t a t iona l  dynamics of t h e  vehicle w i l l  be 

This means tha t  IY) swiveling of the  engines w i l l  be 
neglected, and a perfect  control system with instantaneous react ion 
w i l l  be assumed. 
required for guidance and t h a t  the t h r u s t  may be aligned along the  
zero aerodynamic l i f t  ax is  of t he  vehicle.  With these assumptions end 
some other assumptions about the  aerodynamics of the  vehicle  explained 
in reference [13), the expressions for  E and 5 can be wr i t ten  as: 



where 

R = (z z)lI2 

Vr = 2 - G x X where GI is the  e a r t h ' s  r o t a t i o n  vec tor .  

-a (R-R,) 
P = P o  e 

-b (R-R,) 
P = P o e  

q = c  F = F + Ae(Po - P) S 

Note t h a t  t h e  c o n s t a n t s %  , a ,  Po, b y  ai ,  b i ,  C y  d ,  and c i  must be 
determined t o  curve f i t  t h e  atmospheric model and the  aerodynamic 
coef f i c  i e n t  s . 
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Now that the  equations of motion and a s soc ia t ed  cons t an t s  have been 
def ined,  a t r a n s i t i o n  t o  s t a t e  vec tor  no ta t ion  w i l l  be made by the  follow- 
ing d e f i n i t i o n s :  

x =  

Then 

I .  

.ir: 

9 
z 

X 
.. 
.. 
Y .. 
z 

lil 
. .  

The next  s t e p  i n  applying opt imiza t ion  theory t o  the  equations of 
motion is  the  d e f i n i t i o n  of the  func t ion  t o  be minimized. For the  MASCOT 
development, the  func t ion  t o  be minimized w i l l  be  w r i t t e n  as  

where 4 = ep1/21yr/3 is the  convect ive hea t ing  r a t e  per u n i t  area of the 
veh ic l e  and e is  a given cons tan t .  The weighting f a c t o r s  K,, K2, and K,, 
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f o r  t he  d i f f e r e n t  components of J can be chosen a r b i t r a r i l y  ( p o s i t i v e  or  
negat ive)  t o  achieve a p a r t i c u l a r  r e l a t i o n  between the  minimum of a 
p a r t i c u l a r  t r a j e c t o r y .  I n  the  above expression f o r  J ,  the  term 
( / L I Z  + ]E l2)  is  not  very convenient f o r  cons ide ra t ion  when the  opera- 
t i ons  needed t o  minimize J a r e  appl ied  t o  J .  With a b i t  of a l g e b r a i c  
and t r igonometr ic  manipulat ion,  t he  expression f o r  l E l 2  + 
approximated by 

is  c l o s e l y  

Now a Hamiltonian (denoted by H) can be w r i t t e n  which is  l i n e a r  i n  
ii. That is, 

I n  t h e  above expression,  a l l  t h e  v e c t o r s  t h a t  are do t t ed  w i t h  can  be 
combined i n t o  a vec to r  h as follows: 
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Thus, H can be minimized wi th  r e spec t  t o  c by choosing 
vec tor  oppos i te  i n  d i r e c t i o n  t o  L. 

t o  be a u n i t  
That i s ,  

H is  minimized w i t h  r e s p e c t  t o  wi th  t h i s  s e l e c t i o n  of c because 

(where 8 is the  ang le  between 
which gives  the  above expression f o r  u. and E) and thus H is a minimum when e = fi 

To summarize our problem i n  s t a t e  vec tor  no ta t ion ,  we combine the  
necessary condi t ions  wi th  t h e  o r i g i n a l  condi t ion  t o  y i e ld  the  clsual form 
of boundary problems assoc ia ted  w i t h  the  t r a j e c t o r y  opt imiza t ion  problem. 
That i s ,  determine 7\0, t f ,  and y t o  s a t i s f y  

ir = f ( x , u )  

System of D i f f e r e n t i a l  Equations 

J T minimum A f (x ,u)  

= - (&/axf IT - (aF/axf)Tr  \ Boundary Conditions 

where x ( t o )  and to a r e  assumed f ixed .  
15 



The MASCOT s o l u t i o n  of t h i s  complicated boundary-value problem on 
board a veh ic l e  has been poss ib l e  f o r  the fol lowing reasons.  

F i r s t  of a l l ,  an e x p l i c i t  expression has been found f o r  t h e  optimal 
c o n t r o l  U. This expression saves both computer memory and computer 
computation t i m e .  

Second, the  un i f i ed  s e t  of guidance equat ions and performance 
c r i te r ia  reduced the  computer s t o r a g e  requirement. 

Third,  the  techniques f o r  ob ta in ing  a s o l u t i o n  of the  boundary- 
value problem have been c a r e f u l l y  s tud ied  and the so -ca l l ed  "shooting 
method" s e l e c t e d  because of i t s  speed and r e l i a b i l i t y .  The shoot ing 
method a lgor i thm is easy t o  program and is  compact i n  s i z e .  The 
a l t e r n a t i v e s  t o  the  shoot ing  method, such as s t e e p e s t  descent  and 
q u a s i l i n e a r i z a t i o n ,  must use s to red  t i m e  func t ions  s o  t h a t  the s i z e  and 
complexity of the  algori thms are increased.  

Fourth,  the  development of the  Fehlberg-type, Runge-Kutta numerical 
i n t e g r a t i o n  rou t ines  has s i g n i f i c a n t l y  speeded up t h e  numerical 
i n t e g r a t i o n  process.  

F i f t h ,  the  boundary condi t ions  obtained by applying the shoot ing 
method t o  ob ta in  a t r i a l  t r a j e c t o r y  w i l l  no t  u sua l ly  be s a t i s f i e d  wi th in  
a s p e c i f i e d  to le rance .  Thus, some method of changing the  i n i t i a l  guesses  
i n  order  t o  s a t i s f y  the  boundary condi t ions  is needed. This problem can 
be considered as t h e  problem of f ind ing  t h e  s o l u t i o n  t o  a system of 
simultaneous nonl inear  equat ions because the  boundary condi t ions  can be 
considered as nonl inear  func t ions  of t he  missing i n i t i a l  condi t ions .  A 
modified Newton's Method and a modified Secant Method have allowed rap id  
s o l u t i o n  of t h i s  sytem of equat ions.  

F ina l ly ,  the  improvements i n  computational hardware which have 
r e s u l t e d  i n  f l igh t -wor thy  high-speed computers have made the  whole 
concept much more a t t ract ive.  

V I I .  QUALITATIVE RESULTS FOR NASA SHUTTLE mHICLE 

The f e a s i b i l i t y  of so lv ing  the  t r a j e c t o r y  opt imiza t ion  problem i n  
real-time f o r  onboard guidance w a s  demonstrated wi th  a computer program 
f o r  an  exoatmospheric a scen t  t o  o r b i t  mission i n  1966 [81. Since t h a t  
t i m e ,  t he  multi-burn l o g i c  has been added t o  t h e  program as w e l l  as the  
l i f t  and drag force for atmospheric f l i g h t .  Guidance s t u d i e s  are being 
performed f o r  t h e  s h u t t l e  veh ic l e  using the  new MASCOT program and t h e  
d e t a i l e d  r e s u l t s  of these  s t u d i e s  w i l l  be pub€ished i n  a later r epor t .  
However, some q u a l l t a t i v e  r e s u l t s  w i l l  be presented,  and they have been 
broken down i n t o  t h r e e  f l i g h t  phases. 
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A. Boost 

Our  s t u d i e s  have shown a very l a r g e  s e n s i t i v i t y  of the ga in  i n  
payload t o  p a r t i c u l a r  veh ic l e  conf igura t ions .  The most important items 
i d e n t i f i e d  a t  t h i s  t i m e  have been the  l i f t  and drag  c h a r a c t e r i s t i c s  of 
t he  veh ic l e ,  and the  thrust- to-weight  r a t i o  a t  l i f t o f f  of t he  vehic le .  
Low take-off  a c c e l e r a t i o n s  (around 1 . 2  g ' s )  show higher  ga in  i n  payload 
than veh ic l e s  wi th  l a r g e r  take-off a c c e l e r a t i o n s  (1.4 g ' s ) .  Various 
combinations of l i f t ,  drag,  and take-off a c c e l e r a t i o n s  have r e s u l t e d  
i n  payload ga ins  from near  zero t o  approximately 10,000 pound increases  
f o r  vehic les  wi th  l i f t o f f  weights near 3.5 m i l l i o n  pounds. 

This ga in  i n  payload is due t o  a combination of aerodynamic 
e f f e c t s  and t r a j e c t o r y  shaping and r ep resen t s  a ga in  wi th  r e spec t  t o  
a g r a v i t y  tu rn  t r a j e c t o r y .  

The Apollo guidance system w a s  not  designed t o  opt imize t r a j e c t o r i e s  
through the  atmosphere and could no t ,  i n  its present  form, provide t h i s  
payload gain.  

O p t i m a l  l i f t i n g  t r a j e c t o r i e s  through the  atmosphere have shown an 
inc rease  i n  the  maximum dynamic pressure  experienced by the  boas t e r  
during the a scen t  phase. This i nc rease  i n  dynamic pressure  may have an 
e f f e c t  on the  s t r u c t u r a l  design of the  v e h i c l e  which has not  been 
eva lua ted ,  e i t h e r  from the loads po in t  of view o r  from the  s t andpo in t  
of hea t ing .  

B. On-Orbit, Rendezvous, and Deorbi t  

The uniform guidance concept proposed i n  t h i s  r e p o r t  allows the  
u s e  of t he  same performance c r i t e r i a  during the  on-orb i t ,  rendezvous, 
and d e o r b i t  por t ions  of the  f l i g h t .  

Some very e s s e n t i a l  improvements i n  the  mechanization of the  guidance 
scheme came as a r e s u l t  of t he  a p p l i c a t i o n  of t r a n s v e r s a l i t y  condi t ions  
t o  ob ta in  switching func t ions  f o r  t he  coas t-burn-coast-burn type trajec- 
tory .  The MASCOT formulat ion p e r m i t s  optimal o r b i t a l  t r a n s f e r  f o r  non- 
coplanar  t r a n s f e r s .  These non-coplanar cases a r e  no t  poss ib l e  t o  achieve 
wi th  the  formulat ion of present  guidance schemes such as the Apollo IGM. 

O p t i m a l  d e o r b i t  maneuvers are a l s o  poss ib l e  wi th  the  un i f i ed  concept 
r ega rd le s s  of t h e  t h r u s t  Level involved. Other schemes p resen t ly  r e q u i r e  
c a r e f u l  tuning f o r  t h e  p a r t i c u l a r  t h r u s t  level avai1able .  
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C. Orb i t e r  Reentry 

During the  r e e n t r y  of the  o r b i t e r ,  i t  is d e s i r a b l e  t o  maximize 
the  landing f o o t p r i n t ,  e s p e c i a l l y  the  crossrange component, minimize the  
a c c e l e r a t i o n ,  and a l s o  t o  minimize the  hea t ing  and hea t ing  rates during 
the  descent .  

The performance c r i t e r i a  make poss ib l e  a t radeoff  of these  f e a t u r e s ,  
and some e a r l y  t r a j e c t o r y  runs i n d i c a t e  t h a t  a s a t i s f a c t o r y  compromise 
is poss ib l e  t o  achieve a l l  of t he  des i red  condi t ions  wi th in  s a t i s f a c t o r y  
l i m i t s .  

Ear ly  computations have shown a very h igh  s e n s i t i v i t y  of the  r e e n t r y  
t r a j e c t o r i e s  t o  the  choice  of the i n i t i a l  values of the  LaGrange mul t i -  
p l i e r s  and consequently a very poor convergence r a t e .  

During r ecen t  weeks, an ingenious method has been devised t o  e l imi-  
na t e  t h i s  h igh  s e n s i t i v i t y  and poor convergence. This method has been 
the  assumption t h a t  G(t)  could adequately be represented as a l i n e a r  
func t ion  of t i m e  during the atmospheric por t ions  of f l i g h t .  

Studies  a r e  c u r r e n t l y  underway t o  determine whether i t  w i l l  be 
necessary t o  use the  so lu t ions  s o  obtained as f i r s t  approximations t o  
the  t r u e  optimum. P resen t ly ,  no f u r t h e r  co r rec t ions  appea r  t o  be 
necessary . 

V I I I .  CONCLUSIONS 

A f a s t ,  e f f i c i e n t ,  compact t r a j e c t o r y  a lgor i thm f o r  a t o t a l  
t r a j e c t o r y  from l i f t o f f  t o  landing has been made poss ib l e  by an e x p l i c i t  
optimal c o n t r o l ,  a r a p i d  s o l u t i o n  of the  boundary va lue  problem, a rap id  
numerical i n t e g r a t i o n  rou t ine ,  an e f f i c i e n t  s o l u t i o n  of simultaneous non- 
l i n e a r  equat ions ,  and a v a s t l y  improved on-board f l i g h t  computer t o  achieve 
a major advance i n  guidance techniques.  

P r e f l i g h t  a n a l y s i s  has been reduced t o  a minimum thus making i t  
poss ib le  t o  meet the "launch wi th in  two hours" c o n s t r a i n t .  Special  
tuning cons tan ts  and func t ions  have been e l imina ted ,  which he re to fo re  
have been necessary t o  account f o r  approximations introduced t o  
s impl i fy  on-board computation. O p t i m a l  t r a j e c t o r i e s  a r e  guaranteed 
f o r  an extremely wide v a r i e t y  of missions and veh ic l e  c h a r a c t e r i s t i c s .  
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